We propose a new approach to a physical analogy between General Relativity and Electromagnetism, based on comparing tidal tensors of both theories. Using this approach we write a covariant form for the gravitational analogues of the Maxwell equations, from which the regime of validity of the analogy becomes manifest. Two explicit realisations of the analogy are given. The first one matches linearised gravitational tidal tensors to exact electromagnetic tidal tensors in Minkwoski spacetime. The second one matches exact magnetic gravitational tidal tensors for ultra-stationary metrics to exact magnetic tidal tensors of electromagnetism in curved spaces. We then establish a new proof for a class of tensor identities that define invariants of the type E 2 − B 2 and E · B, and we exhibit the invariants built from tidal tensors in both gravity and electromagnetism. We contrast our approach with the two gravito-electromagnetic analogies commonly found in the literature, which are reviewed, and argue that our approach makes clear both the limitations and incorrect results within one analogy as well as it trivially solves inconsistencies in the physical interpretation of the other analogy. *
The second analogy, on the other hand, relies on two facts. Firstly that we can do an irreducible splitting into electric and magnetic parts for both the Maxwell tensor and the Weyl tensor. Secondly, that we can find a (formally) similar set of equations for both the electromagnetic parts of the Maxwell tensor and the electromagnetic parts of the Weyl tensor. These equations are derived as "spatial" or "temporal" projections of the Maxwell equations, in the first case, and projections of the so called "higher order" gravitational equations in the second case. Using the 1+3 covariant formalism, such projections can be made and still keep covariance. Moreover, in analogy to their electromagnetic counterparts, the electric and magnetic parts of the Weyl tensor define "invariant quantities" (in a sense to be precised below) of the type E 2 − B 2 and E · B. Thus, this analogy is covariant and it is exact (i.e it does not rely on linearised theory).
The need for a new, physically transparent approach
The two analogies presented in literature are not only distinct in their approach; they seem to refer to different phenomena and lead to very different and sometimes even contradictory conclusions. That is what happens, for instance, in the cases of the the Lense and Thirring or the Heisenberg spacetimes. According to the first approach, their "gravito-electric field" is zero, while their "gravito-magnetic field" is finite and uniform. But in the second approach, these spacetimes are classified as "purely electric spacetimes" since the Weyl tensor is electric. 1 These two gravito-electromagnetic analogies not only contradict one another but are also, in the way they are usually presented in the literature, inconsistent in themselves. In the case of the analogy based in linearised theory, the so called "gravitational Maxwell equations" (see e.g. [1, 5, 6, 7] ) are derived in an inconsistent approximation, taking this analogy beyond its admissible regime of validity, and leading to incorrect physical conclusions, as we shall argue.
In the case of the second analogy, the inconsistencies are interpretation issues; in the literature wherein this analogy is pursued, the electric and magnetic parts of the Weyl tensor, hereafter denoted by E µν and H µν , are frequently referred to as the gravitational analogues of the electric and magnetic fields E and B (see e.g. [2, 8, 9, 10, 11, 12] ). A physical extrapolation of the analogy suggests then (see e.g. [2, 14, 15, 16] ) that rotation should be a source for the magnetic part of the Weyl tensor. Indeed, rotation (of charges) is a particular example of an effect associated to the presence of a magnetic field; but immediately contradictions arise. There are many known examples of rotating spacetimes where the magnetic part of the Weyl tensor vanishes, which has been portrayed as somewhat mysterious [2, 14, 15] . Amongst them is the notorious example of the Gödel Universe. Other authors, interpret the electric part of the Weyl tensor as a generalisation of the Newtonian tidal tensor [17] - [27] , whereas H µν is referred to as "not well understood", but claimed to be associated with rotation and/or gravitational waves. It is clear, however, that gravitational waves cannot be the sole source for H µν , since H µν is generically non-vanishing in most stationary spacetimes. 1 The magnetic and electric parts of the Weyl tensor are observer dependent. Both in the Lense and Thirring spacetime and the Heisenberg group manifold there are observers for which the magnetic part of the Weyl tensor vanishes, while the electric part never vanishes. For this reason, these spacetimes are classified as "purely electric" (see for instance [11] ). The electric character of the spacetime is equivalently revealed by the invariants, which using the notation of section 3 are L > 0, M = 0.
A new approach to gravito-electromagnetism based on tidal tensors
The purpose of this paper is to propose a new approach to gravito-electromagnetism. We claim that a physical analogy between the two theories should be based on a comparison between tidal tensors of both theories. To support our claim we start by defining the appropriate tidal tensors. We then exhibit a covariant form for the gravitational analogues of the Maxwell equations. A simple analysis of the tensorial symmetries of these equations immediately reveals, in an unambiguous way, the regime of validity of a physical gravito-electromagnetic analogy. Moreover, the identification of the analogous tidal tensors allows us to define, whenever it is possible, analogous electromagnetic and gravitational invariants, which is illustrated by concrete examples. The approach proposed herein clarifies several issues concerning the gravito-electromagnetic approaches found in the literature:
⋆ While embodying all the correct predictions from the usual linear perturbation approach, our approach exhibits in a very clear fashion its limitations (which are somewhat hidden in the standard discussion) and incorrect results;
⋆ In the light of our approach, it becomes obvious that the second analogy is purely formal and taking it to be physical is the source of all the contradictions and misconceptions found in literature, which by contrast, have a trivial explanation within the framework of the analogy based on tidal tensors;
⋆ Finally, the third connection mentioned above becomes but another realisation of this analogy, even somewhat more surprising because there is an exact matching between some tidal tensors of a non-linear theory (gravity) and the ones of a linear theory (electromagnetism).
This paper is organised as follows. Our proposal, that a physical analogy between gravity and electromagnetism should be based on a comparison between tidal tensors of both theories is presented in section 2, together with a covariant form for the gravitational analogues of the Maxwell equations, which make the limitations of the analogy manifest. Two explicit realisation follow: one encodes the correct results of the linearised theory based analogy; the other gives an interpretation for the physical similarities of the Klein-Gordon in ultra-stationary spacetimes with the Schrödinger equation in some curved spaces. The standard linearised theory approach to gravito-electromagnetism is also reviewed and contrasted with our proposal. In section 3, we start by reviewing aspects of the second analogy. Contrasting it with our approach leads us to conclude that it is essentially a formal rather than physical analogy and taking it to be physical suggests erroneous conclusions, which, by contrast, are clear within the framework of the analogy based on tidal tensors. This second analogy is used to introduce gravitational invariants of the type of E 2 − B 2 and E · B, which are 'deconstructed' in section 4, where the reason for such scalar invariants to be observer independent is dissected and new invariants, the ones that play a similar role in the gravito-electromagnetic analogy based on tidal tensors are constructed. We close with a discussion.
The physical gravito-electromagnetic analogy, based on tidal tensors
An analogy with physical content between electromagnetism and general relativity must, if it exists, be based on physical quantities common to both theories. Taking the perspective that, in general relativity, the only 'physical forces' (in the sense of being covariant) are the tidal forces, described by the curvature tensor, the starting point of the analogy should be the tidal tensors. In this section we build an analogy between the gravitational and electromagnetic tidal tensors. For this purpose we start by defining these tensors. We then recast the analogy as an analogy between the electromagnetic potential A µ and certain components of the gravitational potential g µν , in special types of backgrounds. We will emphasise, however, that such a physical analogy only holds for very special backgrounds and for very special observers; therefore we close this section with a criticism of the usual approach to gravito-electromagnetism based on linearised General Relativity (see, for instance [1, 6, 7, 5] ), wherein the so-called 'gravitational Maxwell equations' are derived.
General arguments
Consider a congruence of geodesics with tangent vector U µ . Then the acceleration of the connection vector, Z α is given by the geodesic deviation equation 2
where D/Dτ denotes covariant differentiation along a curve parameterised by τ . This equation exhibits the gravitational tidal effects seen by an observer with with 4-velocity U µ ; these are given by the electric part of the Riemann tensor. Thus, we define the electric gravitational tidal tensor, to be
so that we can write
To see what the natural analogue of this tensor is in electromagnetism, we apply the same reasoning that yields the geodesic deviation equation to the equation of motion for a particle in an electromagnetic field. In the gravitational case, this amounts to comparing the trajectories of neighbouring geodesics (see e.g. [29] ). Repeating the procedure for a congruence of charged geodesics, of charge q and mass m, we find
Not surprisingly we see that the acceleration of the connection vector depends on the non-universal ratio q/m -there is no analogue of the equivalence principle in electromagnetism. This manifest a very intrinsic differences between electromagnetism and gravity. It also suggests that the analog, in electromagnetism, to (2) , is the electric tidal tensor defined by
2 Here, and throughout this paper, we use the following convention for the Riemann tensor:
The different sign reflects the different character (attractive or repulsive) for masses or charges of the same sign. Both E µγ and E µγ are velocity dependent (unlike the Newtonian gravitational tidal tensor -see for instance [18] ), but they have a fundamental difference. The former is always symmetric; the latter is only symmetric if the Maxwell tensor is covariantly constant along the observer's worldline
Thus, a clear analogy between electromagnetism and gravity based on these objects will only exist for a special class of backgrounds and a special class of observers. Putting it in a different way, there is, generically, no gravitational analogue to the Maxwell-Faraday equation, ∇ × E = −∂ B/∂t. Indeed, this is the statement encoded in (7); the analogy holds only when the electromagnetic field seen by the observer with 4-velocity U γ does not vary with (the observer's proper) time. In particular this requires, generically, the electromagnetic background to be static. However, there is a close gravitational analogue to Gauss's law, ∇ · E = 4πρ c , which becomes explicit in the following covariant form 3
where we have used Einstein's equations with the energy momentum tensor of a perfect fluid (energy density ρ m , pressure p). Note that the analogous quantity to the charge density, ρ c , is, in the gravitational case, ρ c +3p. Thus, changing the sign of this combination amounts to changing the character of the gravitational source from attractive (positive) to repulsive (negative). Of course, this is the well known combination that appears in the Raychaudhuri equation of FRW models, and requiring it to be positive is the statement of the strong energy condition. More generically, we could write E α α = R µν U µ U ν , and the strong energy condition is the requirement of positiveness of the right hand side. In conclusion, we have a clear analogy between gravity and electrostatics. Let us now see that a similar analogy holds for magnetostatics.
Given our definition of the electric tidal tensor, we define the magnetic tidal tensor as
where the '⋆' denotes the Hodge dual in standard notation. This tensor measures the variation of the magnetic field as measured by the observer with 4-velocity U γ . Its gravitational analogue, the magnetic gravitational tidal tensor is defined as
Here the Hodge dual could be taken either with respect to the first or second pair of indices of the Riemann tensor. We chose the first; a different choice amounts only to changing the order of the indices in H αβ . Note that this tensor is generically not symmetric, only in vacuum.
The trace of B αβ is zero by virtue of the electromagnetic Bianchi identity; this encodes the statement ∇ · B = 0. Likewise, the trace of H αβ vanishes by virtue of the first Bianchi identities.
in close analogy. However, when we consider the anti-symmetric part of the magnetic tidal tensors we obtain
where we have denoted the mass/energy density current J σ = −T σ µ U µ and the Levi-Civita tensor by ǫ αγσβ . As in the electric case (cf. (7)), the tensors B αβ and H αβ take a different form unless the electromagnetic field is covariantly constant along the observer's worldline. Noting that the first equation in (12) is a covariant form of the Maxwell-Ampére equation ∇ × B = ∂ E/∂t + 4π j, we see that the analogy can only hold, generically, for a particular class of observers and in magnetostatics, wherein the term ⋆F αγ;β U β vanishes. Note also that there remains, even in this case, a different coefficient for the right hand sides of the gravitational and electromagnetic cases in (12) , reflecting the different spin, or equivalently, the different tensorial nature of the gravitational and electromagnetic field.
We have therefore established that the electromagnetic tidal tensors obey formally similar equations to their gravitational counterparts whenever the electromagnetic background does not vary with the observer's proper time. We will now give two explicit realisations of this analogy, i.e. two explicit classes of geometries and electromagnetic fields where the gravitational and electromagnetic tidal tensors match. First we will consider gravitational backgrounds for which the metric is only slightly perturbed around the Minkowski metric. We find a matching between the electromagnetic and the linearised gravitational tidal tensors. Then we will consider ultra-stationary metrics for which there is an exact matching between the magnetic parts of the gravitational and electromagnetic tidal tensors. In both case we will see that the analogy compares static electromagnetic configurations to stationary gravitational backgrounds.
Small perturbations around Minkowski spacetime
Let us start by considering a generic electromagnetic field, described by the potential one-form
in Minkowski space, with metric
whereĝ ij is an arbitrary spatial metric on R 3 . It follows that
where dots represent time derivatives,D i represent covariant derivatives with respect toĝ ij andǫ ijk are the components of the Levi-Civita tensor on R 3 in coordinates {x i }. We take the orientation defined by ǫ 0123 = −1. The electric tidal tensor (5) is, for an observer with four velocity U α = (u 0 , u i ), given by
Similarly, the magnetic tidal tensor (9) is given by
Obviously, these quantities would look simpler and more familiar if written in terms of the electric and magnetic fields. But writing them in this fashion makes the comparison with the gravitational case explicit.
As discussed in the previous section, the electric tidal tensor has to be symmetric in order to be analogous to an electric gravitational tidal tensor. Thus, we must require φ and A i to be time independent and u k to vanish. It follows that the non-trivial components of the electromagnetic tidal tensors are, solely (taking u 0 = 1)
The electric tidal tensor is symmetric and it has a non-vanishing trace in the presence of charge sources; the magnetic one has an anti-symmetric part in the presence of current sources. Now consider linearised perturbations of Minkowski spacetime (14) . Using the formalism of [30] , we take the perturbed metric in the form
The perturbations separate into scalar, vector and tensor parts with the following linearised curvature tensors [30] :
• Scalar perturbations in longitudinal gauge
where∆ is the Laplacian onĝ ij and∆ ij ≡D iDj − 1 3ĝ ij∆ ;
• Vector perturbations in vector gauge
• Tensor perturbations
The general form for the electric gravitational tidal tensor (2) is involved; but it is simple to check that, if the perturbations are time independent and the observer's four velocity only has a temporal component (which we normalise to unity) one gets
where we have used that covariant derivatives inĝ ij commute since the metric is flat. This is in exact agreement with (17) . Similarly, using the curvature two form R a b = 1 2 R a bµν dx µ ∧ dx ν , one can check that the magnetic gravitational tidal tensor (10) is, for time independent perturbations and if the observer's four velocity has only a temporal component (which we normalise to unity),
in exact agreement with (17) .
In conclusion, an electromagnetic field described by the electromagnetic potentials (13) in Minkowski space, with metric (14), whereĝ ij (x k ) is flat, produces the same tidal tensors, as seen by an observer with 4-velocity U α = (1, 0), than the gravitational field
in linearised gravity. Thus a static electromagnetic field is mapped into a stationary gravitational field. The analogy, in this case, is perfect. The linearised gravitational equations are the Maxwell equations of electro/magnetostatics. In particular, the Coulomb potential maps to the Newtonian gravitational potential and the Biot-Savart law of magnetostatics maps to a Biot-Savart law of force between mass currents (see [31] for an excellent physical description of the gravitational Biot-Savart law). Let us illustrate the non-covariance of the analogy by a simple example. Takeĝ ij to be the Cartesian metric in R 3 . A Lorentz boosted observer, with coordinates (t ′ , x ′ ) related to (t, x) that appear in (13), (21) by t = γ(t ′ + cx ′ ), x = γ(x ′ + vt ′ ), will see, for the electromagnetic potentials in (13) , to linear order in v,
But the same observer will see, for the gravito-electromagnetic potentials in (21) , to linear order in v φ
Thus, this observer will not see the same tidal tensors anymore, due to the factor of two that appears in the coordinate transformation, and that reflects the different tensorial nature (or equivalently, the different spin) of the electromagnetic and gravitational fields.
Example: rotating charge versus rotating mass
Let us choose an elementary example of analogue physical systems, namely a rotating point mass in General Relativity and a rotating point charge in Electromagnetism. Consider a sphere of charge q, mass m, rotating with constant angular momentum Je z in Minkowski spacetime. In the limit of zero radius the potential one form becomes
For a static observer with normalised four velocity, the electric and magnetic tidal tensors are symmetric with
Now consider a rotating point mass, which is described by the Kerr metric. In Boyer-Linquist coordinates the line element takes the form
This metric is asymptotically flat. Thus it allows us to compare its asymptotic gravitational tidal tensors with the previous electromagnetic tidal tensors. For a static observer, with four velocity U µ ≃ δ µ t , the electric and magnetic gravitational tidal tensors are, asymptotically
where J = M a is the physical angular momentum of the spacetime. The electric gravitational and electromagnetic tidal tensors (25) and (24) exactly match (identifying q ↔ M ); the magnetic ones match up to a factor of q/2m. This factor could also be made to match if one defines the gravitational charge Q G = 2M as has been suggested in [32] .
Ultra-stationary spacetimes
From the analysis of the previous section, one might conclude that an exact matching between electromagnetic and gravitational tidal tensor components is only possible in linearised theory. Indeed, the non-linear nature of the curvature tensor would seem to preclude that an identification of metric components with the components of the electromagnetic potential could yield analogous tidal tensors, when expressed in terms of these components. There is, however, a class of spacetimes where the matching between electromagnetic and gravitational tidal tensors is exact. This class corresponds to ultra-stationary spacetimes defined as stationary spacetimes whose metric has a constant g 00 component in the chart where it is explicitly time independent. The most general metric for such spacetimes is
Consider now the Klein-Gordon equation, in this spacetime, for a particle of mass m, 2Φ = m 2 Φ, which becomes, with the ansatz Φ = e −iEt Ψ(x j ), a time independent Schrödinger equationĤΨ = ǫΨ, whereĤ (27) this is the non-relativistic problem of a "charged" particle with charge −E and mass m under the influence of a magnetic field B = ∇ × A in a curved space with metricĝ ij . This has been used to map the Landau levels due to constant magnetic fields in three-spaces of constant curvature to energy quantisation in spacetimes with Closed Timelike Curves (like the Gödel space) [3, 4] . Computing now the magnetic tidal tensor (9) for the magnetic field B = ∇ × A in a three space with metricĝ ij , and for an observer with 4-velocity U µ = (1, 0), yields
For an observer of the same type, the magnetic gravitational tidal tensor is exactly given by
This is formally the same result as was obtained in linearised theory (20) , 4 but is now exact and moreover the metricĝ ij is not restricted to be flat. Up to a factor of 2, there is an exact matching between the tidal tensors in the stationary metric (26) and the ones in the magnetic field B = ∇ × A in a three space with metricĝ ij . This shows that our interpretation of the magnetic part of the Riemann tensor as a magnetic tidal tensor is indeed correct even outside the scope of linearised theory. Turning the argument around, one can see this matching of tidal tensors as a justification for the very close analogy between the physics in these apparently very different setups. In our approach this is to be understood by the similarity of the tidal forces.
It is somewhat surprising that, identifying some metric components with electromagnetic potentials, the magnetic gravitational tidal tensor can have exactly the same form as the magnetic tidal tensor, since the former would normally be non-linear in the metric. Indeed, this is what happens to the electric gravitational tidal tensor of (26): all its components are non-linear in A i , preventing an interpretation in terms of an electromagnetic field. Since there is no electric tidal tensor analogue, this analogy is not perfect. But it is quite suggestive from the above mapping between Klein-Gordon and Schrödinger equation that the magnetic part of the problem (together with the spacial curvature) captures all the physics.
Examples: Som-Raychaudhuri, Gödel and Lense and Thirring metrics
Let us now exhibit three explicit examples of the analogy between the gravitational magnetic tidal tensor of ultra-stationary spacetimes and the magnetic tidal tensor of the analogous magnetic configuration.
Som-Raychaudhuri spacetime 4 Up to a factor of two due to the different definition of A in (26) and (18) The Som-Raychaudhuri metrics [38] are a family of solutions to the Einstein-Maxwell equations with a source term representing charged incoherent matter. They are characterised by two parameters, a and b. The metric can be written in the form (26) with
The special case with a = b corresponds to the solution rediscovered in 1937 by Van Stockum [33] (first found by Lanczos [34] ) describing a rigidly rotating infinitely long cylinder in General Relativity coupled to dust with energy density ρ = a 2 exp a 2 r 2 , often called 'Van-Stockum cylinder'. The magnetic gravitational tidal tensor has non-vanishing components, for an observer with 4-velocity U µ = (1, 0)
The analogous magnetic configuration is the magnetic field B = ∇ × A, with A = a e φ in a space with metricĝ ij . The magnetic tidal tensor has non-vanishing components
in agreement (up to the factor of 2) with (31) . The tidal forces grow with r, which is somewhat intuitive for a rigidly rotating spacetime with such fast growing mass currents. But notice that this conclusion depends crucially on the profile of the energy density.
If we put b = 0, but keep a = 0, the transverse space metricĝ ij becomes flat. The four dimensional space becomes homogeneous, and the three dimensional part (t, r, φ) is indeed a group manifold, the Nil or Heisenberg group manifold, which is the group associated to the Bianchi II Lie algebra. The absence of tidal forces, in such case reflects the homogeneity of the spacetime and of the analogous magnetic field. This group manifold is a three dimensional version of the five dimensional maximally supersymmetric Gödel type universes found in N = 2 minimal ungauged five dimensional supergravity in [35] .
One other interesting point about this example is that the tidal tensors B αγ and H αγ are symmetric. According to (12) this shows there are no mass currents. This is counter-intuitive for a rotating cylinder of fluid, unless the spacetime is described in co-moving coordinates. Such coordinates correspond, precisely, to the coordinate system above [39] .
The Gödel Universe
In 1949 Kurt Gödel [37] found an exact solution of Einstein's field equations which is usually portrayed as a homogeneous rotating universe. His solution arose much discussion over the years due to the existence of Closed Timelike Curves passing through any point which led Gödel to recognise, and explicitly discuss for the first time, that "an observer travelling in this universe could be able to travel to his own past".
This description is conceptually hard. If the Gödel universe is rotating and is also homogeneous, then it must be rotating around any point! What does this mean? Of course one can argue that this solution should be discarded as being unphysical, due to the CTC's. But even if such solution is unphysical (which is not clear) building an intuition about it could be useful in understanding General Relativity. We argue that the gravito-electromagnetic analogy proposed herein helps us to construct such an intuition as follows: like the Heisenberg group manifold, the Gödel universe is a uniform gravitomagnetic field. The metric can be written in the form (26) with
The magnetic gravitational tidal tensor vanishes, for an observer with 4-velocity U µ = (1, 0). The electromagnetic analogue is a magnetic field
on the three space with metricĝ ij . This field is uniform, since the magnetic tidal tensor vanishes.
The metric of Lense and Thirring In 1918, Lense and Thirring [36] solved the linearised Einstein equations for a rotating thin spherical shell of matter, and found that rotation can 'drag inertial frames'. Since then, this LenseThirring effect has become the archetype for magnetic effects in relativistic gravity. To linear order in ω, the Lense-Thirring line element inside the spherical shell is
Let us consider this line element (33) facing it as an exact solution. The metric can be written in the form (26) with
It follows that the only non-trivial component of the magnetic gravitational tidal tensor, for an observer with 4-velocity U µ = (1, 0), is
The tidal tensor has radial dependence, which is to be expected from the symmetry of the problem. In particular it is not zero. Thus, its gravitational analogue is not a constant magnetic field, which contradicts the usual interpretation of this spacetime presented in the literature (see e.g. [6] ). To clear this matter, we note that the magnetic field configuration analogous to the metric is:
living in a curved space with metricĝ ij , which is not flat space. Thus, the magnetic tidal tensor has the following non-vanishing component:
This is in agreement, up to the factor of 2 with (35), in accordance to our analogy. This is the correct interpretation for the magnetic analogue of the Lense-Thirring metric if one takes it as an exact metric. In such case, the spacetime is not homogeneous. Of course, to linear order (in ω) the tidal tensor (35) is zero and the uniform magnetic field interpretation is justified. In fact to linear order this spacetime is the same as the Heisenberg group manifold, which is exactly homogeneous and analogous to a constant magnetic field in flat space.
A criticism of the standard linearised theory approach
We started our analogy by looking under which circumstances tidal effects could have a similar tensorial description in gravity and electromagnetism. We then concluded that we could interpret, both in small perturbations around Minkowski space and in ultra-stationary metrics, this analogy as an analogy between some components of the metric tensor and the electromagnetic gauge potentials. Such perspective, in the special case of linearised theory, is one version of gravito-electromagnetism commonly presented in the literature (see, for instance [1, 6, 7, 5] ). Therein, a set of "gravitational Maxwell equations" is derived, which includes time dependent terms. However, from the above discussion based on tidal tensors, the analogy breaks down exactly when those time dependent terms are present. In order to clarify this contradiction let us review the derivation of these "gravitational Maxwell equations".
One starts by considering small perturbations around Minkowski spacetime described by the metric
where ǫ ≪ 1. It is more convenient to work with the quantityh µν ≡ h µν − η µν h α α /2. Imposing a gauge condition called de Donder or harmonic gauge, given byh ,β αβ = 0, the linearised Einstein equations take the form
Of course, apart from the different tensorial structure, these equations are suggestively similar to the electromagnetic equations in the Lorentz gauge. To make the analogy more explicit, one considers a metric perturbation of the form (reinserting the velocity of light)
leading toh
The de Donder gauge condition then gives the following two conditions from the temporal and spatial components respectively:
In the literature (see e.g. [1, 6, 7, 5] ) the first condition is considered as an analogue to the usual Lorentz gauge condition of electromagnetism (up to a factor of two), but the second one is always neglected. The argument is that the second equation has one more power of 1/c than the first. 5 The next step is to define the gravitational electric E G and magnetic B G fields as
It is, however, unjustified that within the same approximation under which one neglects the second equation in (40), one keeps the second term on the right hand side of the definition of the gravitational electric field. It is in this inconsistent way that the following set of "Gravitational Maxwell equations" are derived 6 :
Now the price to pay for the unjustified approximation above becomes clear. The last two equations are physically inappropriate to describe gravitational phenomena, since the exact, covariant equations we have derived in section 2.1 show that, in the absence of sources, both the electric and magnetic tidal tensors are symmetric. The solution to this whole situation is to restore a consistent approximation and neglect the second term on the right hand side of the definition of the gravitational electric field (41). It follows that the gravitational electric and magnetic fields obey ∇ × E G = 0 and ∇ · B G = 0, in agreement with the discussion in the previous sections. Moreover, from the time-time component of the linearised Einstein equations one finds, using T 00 = ǫρ/c 2 ,
a clear analogue of Gauss's law. However, as explicit in (8) the physical analogue of Gauss's law in General Relativity has, on the right hand side, a combination of energy density and pressure. This physical content is lost in this approach since the pressure term is of order 1/c 2 smaller then the energy density one. Finally, the second equation in (40) implies that the time dependence of the gravitational electric field is pure gauge. Thus, looking at the time-space components of the linearised Einstein equations one derives the Ampére law
Thus, to conclude, we would like to emphasise some fundamental conceptual differences (besides the obvious limitations which have been neglected in this treatment) between this treatment and the approach we have put forward:
• In our approach we compare physical quantities common to both theories. In this approach, one aims at finding in gravity the analogues of the electromagnetic fields E and B. But in generic gravitational phenomena, such fields (or forces) have no place, since it is pure geometry. In this sense, we may see this approach as an attempt to force a comparison between physical quantities which are present in one theory, but do not exist in the other, which, to be achieved for generic dynamics requires the inconsistent approximations mentioned above.
• Formally they are also different. In this approach one does an explicit identification between components of a rank 2 tensor (the metric tensor) with the the ones of a 4-vector (the electromagnetic potential) which, in a suitable gauge is used to define the gravitational electric and magnetic "fields" and a set of "Maxwell equations", which are clearly not covariant, and restricted to slow sources. In our approach, we simply defined new tensorial quantities based on the the gravitational tidal tensors, which we have argued to be, under certain special conditions, analogue to a covariant form of the Maxwell equations. These gravitational equations, cf. section 2.1, are exact (i.e. not restricted to small perturbations) and universal.
• Another disadvantage of this treatment is that since it holds only for a particular gauge, it does not make sense to define invariants from it. Both gravity and electromagnetism are based on invariants, thus, an appropriate analogy between the two should allow a comparison in terms of invariant quantities. We will discuss how to do this from our approach in section 4.
The analogy between gravitational tidal tensors and electromagnetic fields
There is a different analogy between Maxwell's equations of electromagnetism and the so called "higher order" gravitational field equations which has led to the definition of an electric and a magnetic part of the curvature tensor [8] (see also [9] ). These electric and magnetic parts of the curvature tensor form, moreover, invariants in a similar fashion to the relativistic invariants formed by the electric and magnetic fields. In this section we will review this analogy and argue that it is formal and that misconceptions have arisen in the literature by attempts to gain a physical intuition from it. Let us start by describing the analogy for vacuum spacetimes/electromagnetic fields.
General arguments
Maxwell's field equations in vacuum are
where the second set of equations are, in fact, Bianchi identities. Given a congruence of observers with 4-velocity field U α , we can split the Maxwell tensor into two spatial vector fields of the form:
where ⋆F denotes the Hodge dual. Indeed,
with the equalities being attained iff E α = 0 and B α = 0, respectively. These two spatial vectors are the electric and magnetic parts of the Maxwell tensor, and completely characterise the latter, as can be seen by writing
Thus, all 6 independent components of F µν are encoded in the 3+3 independent components of E α and B α and there is an equivalence between the vanishing of F αβ and the simultaneous vanishing of E α and B α . In spite of their dependence on U α , one can use E α and B α to define two tensorial quantities which are U α independent, namely
these are the two independent relativistic invariants in four spacetime dimensions.
Let us now turn to gravity. The curvature tensor obeys the second Bianchi identity R στ [µν;α] = 0. In vacuum, these are equivalent to R µ νστ ;µ = 0 ,
by virtue of the field equations R µν = 0. Let us change the perspective by observing the following result (originally due to Lichnerowicz, see [9] ): Let Σ be a spacelike hypersurface and V a neighbourhood of Σ; then, if R µ νστ ;µ = 0 in V , it follows from R στ [µν;α] = 0 that R µν = 0 in V iff R µν = 0 in Σ. Thus, R µν = 0 becomes an initial condition in Σ which is propagated to V by virtue of the higher order field equations (50) and the Bianchi identities. Taking this perspective the gravitational analogue of (45) are
Again, given a congruence of observers with 4-velocity field U α , we can split the Riemann tensor into two spatial tensor fields of the form:
where
, and the last equality holds in vacuum (cf. section 2.1). Of course these are the electric and magnetic gravitational tidal tensors defined in the previous section, but in this context are dubbed electric and magnetic parts of the Riemann tensor. These are spatial tensors in the sense that
with the equalities being attained iff E αβ = 0 and H αβ = 0, respectively. These two spatial tensors, both of which are symmetric and traceless, completely characterise the Riemann tensor, as can be seen by writing
Thus, all 10 independent components (in vacuum) of R µναβ are encoded in the 5+5 independent components of E αβ and H αβ . Again, in spite of their dependence on U α , one can use E αβ and H αβ to define two tensorial quantities which are U α independent, namely
The construction (51)- (55) 
where J ν is the 4-current. Since including sources does not change the number of independent components of the Maxwell tensor, we can still split it as in (46), so that the remaining construction (46)- (49) is unchanged. For the gravitational field, however, including sources endows the Riemann tensor with non-vanishing trace and thus with its maximal number of independent components: 20 in four dimensions. Thus, there is too much information in the Riemann tensor to be completely encoded into two spatial tensors of the type (52). One can, instead, do a similar decomposition of Weyl tensor, which is by definition traceless and has generically 10 independent components in four dimensions and its information can therefore be completely encoded into two spatial tensors. Hence, in the presence of gravitational sources we replace (51) by 7
where T µν is the energy momentum tensor, with trace T , and we have used the Einstein equations in the form G µν = T µν . The splitting of the Weyl tensor is completely analogous to (52)
αβ . These are the electric and magnetic parts of the Weyl tensor. Again, these are spatial tensors in the sense that
with the equalities being attained iff E αβ = 0 and H αβ = 0. These two spatial tensors, both of which are symmetric and traceless, completely characterise the Weyl tensor, as can be seen by writing
Thus, all 10 independent components of C µναβ are encoded in the 5+5 independent components of E αβ and H αβ . Again, in spite of their dependence on U α , one can use E αβ and H αβ to define two tensorial quantities which are U α independent, namely
The construction (57)- (61) is, again, formally analogous to (56) and (46)- (49), but now holds for general spacetimes and electromagnetic fields. Obviously, in vacuum
Generically we can say that the electric and magnetic parts of the Weyl tensor describe the free gravitational field, since they correspond to the parts of the curvature that do not couple directly to sources, but rather just via the integrability conditions (i.e. the Bianchi identities). In 3 spacetime dimensions, the curvature is completely determined by the sources; thus there is no free gravitational field. That is why the Weyl tensor is identically zero in 3 spacetime dimensions.
The analogy in the 1 + 3 covariant formalism
This analogy can be further worked out by using the so called 1+3 covariant formalism (see e.g. [2] and references therein). To explain this formalism, keeping this paper self-contained, we need to introduce some notation.
Consider a congruence of observers with 4-velocity U µ , and the projector into local rest frames
The fundamental idea is that U α provides a covariant time projection whereas h αβ provides a covariant spatial projection of tensorial quantities. Thus, denote the spatially projected part of a vector as V µ ≡ h ν µ V ν and the spatially projected, symmetric and trace free part of a rank two tensor as
The covariant spatial vector product is denoted
where ǫ µναβ is the Levi-Civita tensor. The covariant vector product for spatial tensors is
The covariant time derivative for an arbitrary tensor iṡ
where ∇ denotes the standard spacetime covariant derivative, in this section. The covariant spatial derivative is
The covariant spatial divergence and curl of vectors is
whereas the spatial divergence and curl of rank two tensors is
Finally, the kinematics of the U µ -congruence is described by the following quantities: expansion,
We can now express the Maxwell equations in this formalism. The first equation in (56) yields, as its covariant time and space components, respectively
where the charge density is given by ρ = −J µ U µ and the current density vector is j µ = J α h α µ . The Bianchi identities in (56), yield, as their covariant time and space components, respectively
Note that that the vector equations in (70) and (71) are spatial and therefore there are 3+1+3+1=8 equations in accordance to Maxwell's theory. Now we turn to the gravitational equations (57) taking the energy momentum tensor of a perfect fluid T µν = pg µν + (p + ρ)U µ U ν . Taking the trace of the first equation in (57) implies energymomentum conservation. The trace free part gives, taking spacial and temporal projections, a set of equations [2] which resemble (70) and (71):
where ǫ µνρ ≡ ǫ µνρτ U τ and
The similarity between (70)- (71) and (72)- (73) is striking, exhibiting a clear analogy. The obvious question is the physical content of this analogy.
What physical conclusions can we extract from this analogy?
In the literature where this analogy is pursued, E µν and H µν are frequently referred to as the gravitational analogues of the electric and magnetic fields E and B (see e.g. [2, 8, 9, 10, 11, 12] ). Moreover, the invariants E αβ E αβ − H αβ H αβ and E αβ H αβ are referred to as the gravitational analogues of E 2 − B 2 and E · B [2, 8, 11, 13] . As a physical sequel of this reasoning, it has been suggested (see e.g. [2, 14, 15, 16] ) that rotation should source the magnetic part of the Weyl tensor. Indeed, rotation (of charges) is a particular case which originates a magnetic field; but immediately contradictions arise. Whereas a number of examples, like the Kerr metric or the Van-Stockum solution [14] , are known to support the idea that rotation sources H µν , there are also well known counterexamples, like the Gödel universe [2, 15] . Should we be surprised?
It seems to us that the origin of the problem is in extrapolating this clear formal analogy as a physical guiding principle. The physical gravito-electromagnetism should be based on comparing gravitational tidal effects with electromagnetic tidal effects, as discussed before; not comparing electromagnetic fields with gravitational tidal tensors, like one is doing here. To exemplify, it is quite clear why H µν is not zero for Kerr (which is rotating) but should vanish for Gödel, which is also interpreted as being rotating. The answer is given by the discussion in section 2. The electromagnetic analogue for the (asymptotic) Kerr metric is a rotating charge, whose magnetic tidal tensor is not zero. But the electromagnetic analogue for Gödel is a uniform magnetic field, whose magnetic tidal tensor H αβ is obviously vanishing; since H αβ = H (αβ) this implies that the magnetic p art of the Weyl tensor is zero. One can also check that H µν = 0 for the Heisenberg spacetime, which is again analogous to a uniform magnetic field.
One other signature that this analogy is physically less close to electromagnetism than our approach is the simple observation that the gravitational equation analogous to Gauss's law (70),
is not the energy density that generates this "gravito-electric" field, but rather its gradient. Of course, this builds a gap with electromagnetism.
Still another difference with electromagnetism is that the aforementioned "invariants" are not similar, in simple gravitational backgrounds with an obvious electromagnetic analogue, to the invariants of the electromagnetic analogue, as will be shown in an explicit example in the next section.
For these reasons we argue that, despite such suggestive and beautiful formal similarities (which might of course have a deeper physical meaning), the gravito-electromagnetic analogy based on comparing F µν ↔ C µναβ is not a good physical guiding principle.
Invariants and a new proof of a set of tensor identities
The fact that both the contractions of E α and B α given in (49) and the contractions of E αβ and H αβ given in (61) (as well as the contractions of E αβ and H αβ given in (55)) form U µ independent tensor quantities, suggests that there might be some general underlying structure common to both. To see that this is indeed the case we prove the following lemma:
Lemma: Let A αβ and B αβ be tensors which are antisymmetric in two of their indices; these are the only indices displayed. Let ⋆A αβ and ⋆B αβ be the four dimensional Hodge duals of A and B with respect to these two indices, i.e
and similarly for B. Then, in four dimensions
Proof: Take the following four dimensional identity:
The anti-symmetrisation in five indices guarantees the identity in four dimensions; ǫ is the Levi-Civita tensor (not the tensor density). A tedious, but straightforward, computation shows that
which proves the Lemma.
We can now apply this lemma to different tensors A αβ and B αβ . In doing so we will understand why the contractions (49) and (61) are U α independent, as well as build others.
Corollary 1: Take A αβ = B αβ = F αβ , the Maxwell tensor. One gets the identity
Corollary 2: Take A αβ = F αβ and B αβ = ⋆F αβ . One gets the identity
Contracting (78) and (79) with a normalised four velocities U µ and U ν one finds (49). In particular, one realises that the important point in getting a scalar invariant which is independent on the four velocity is the antisymmetric structure of the tensors A αβ and B αβ as well as the normalisation of the four velocity. Likewise we can understand the construction of the invariants (61), but now one uses a two step process:
Corollary 3a: Take A αβ = C αβγη and B αβ = Cγη αβ , the Weyl tensor. Contracting γ withγ and η withη one gets the identity
Corollary 3b: Take A αβ = C αβγη and B αβ = Cγη αβ . Contracting γ withγ (but not η withη) one gets the identity
Using (80), one obtains the identity
Corollary 4a: Take A αβ = C αβγη and B αβ = ⋆Cγη αβ . Contracting γ withγ and η withη one gets the identity
Corollary 4b: Take A αβ = C αβγη and B αβ = ⋆Cγη αβ . Contracting γ withγ (but not η withη) one gets the identity
Using (83), one obtains the identity
The invariants (61) follow, now, by contracting (82) and (85) with normalised four velocities U µ , U ν , U η and Uη. Again, the important underlying structure is the antisymmetry and the normalisation of the four velocities.
Having understood the structure in the construction of the above invariants, we can in an obvious fashion build another two invariants: 
Contracting with the normalised four velocities U µ , U ν we find the invariants:
• From corollary 5 and 6:
In the same way that the other invariants were:
• From corollary 1 and 2 the invariants based on the electromagnetic fields:
• From corollary 3 and 4:
All these quantities are independent of the observer O whose four velocity is U α despite the fact that the definition of electric and magnetic tidal tensors (5) and (9), electric and magnetic parts of the Maxwell tensor (46) and electric and magnetic parts of the Weyl tensor (58) depend on O.
Invariants for the gravito-electromagnetic analogy based on tidal tensors
The previous section established that the observer independence of the invariants (89) and (90) steams from the underlying tensor structure rather than from some physical similarity between (E α , B α ) and (E αβ , H αβ ); in fact, the example of section 4.1.1, below shows that they do not match. A natural question is if it is possible to define, in electromagnetism, invariants physically analogue to L and M. In vacuum, E αβ and H αβ are the gravitational tidal tensors. Since we have shown in (88) that the electromagnetic tidal tensors also define the invariants L and M it seems tempting to claim that these should be the physical analogues of the invariants L and M. The example 4.1.1, below, supports this claim. And it is quite obvious that this holds generically in the linearised theory realisation of our analogy described in section 2.2. Thus, we claim that in vacuum there is a clear and unambiguous analogy also of invariants:
One then might guess that, in the presence of sources, replacing, on the gravitational side, (E αβ , H αβ ) by (E αβ ,H αβ ) would lead to a natural extension of the analogy with the electromagnetic invariants L and M . This turns out not to be the case: in gravity it is not possible, except in vacuum, to construct scalar invariants using only the electric and magnetic tidal tensors. The reason can be seen as follows. In the presence of sources:
The presence of sources endows H αβ with an anti-symmetric part and E αβ with a trace. Thus these tensors combined possess 11+6 components which is insufficient to encode all the information in the Riemann tensor (20 components in four dimensions). A third spacial tensor, defined by
where Hodge duality is taken both with respect to the first and second pair of indices, is needed to completely characterise the curvature tensor. 8 It is then straightforward to show that the invariants formed by the Riemann tensor are:
Let us note, for completeness the expression for each of these terms in (92):
Using these last two equations it follows that
See [13] and reference therein. We must note, however, that the expressions (92) for the invariants are in disagreement with expressions (23) therein; in the case of M they differ by a minus sign which may be due to a different definition of the Levi-Civita tensor; that, however does not explain the discrepancy in the case of the invariant L. In fact, it is our understanding that the expression "K1" therein does not even define, generically, an invariant.
generically (i.e not only in vacuum). Note also that in vacuum:
so that (92) reduces to (90) in vacuum, as expected. It is a curious fact that the most relevant energy conditions can be expressed in a simple fashion in terms of the three tensors in which the Riemann tensor is generically decomposed (E αβ , H αβ , F αβ ). Indeed we have seen from (8) that E α α > 0 is the strong energy condition. A simple computation reveals that
which shows that F α α < 0 is the weak energy condition. Finally, the dominant energy condition is the statement that the vector
is timelike and future directed, where we have used (12).
A simple example
Having exhibited all the above invariants we now return to the example of section 2.2.1. In the electromagnetic case, we can compute both the usual relativistic invariants
as well as the invariants based on the tidal tensors
On the gravitational side we have, since there are no sources, the asymptotic expressions are
Identifying the black hole mass M with the electromagnetic charge q the asymptotic matching between L = L and L (not L F !) is perfect whereas the asymptotic matching between M = M and M (not M F !) is up to the usual factor of q/2m. It is a curious fact that the matching of the invariants is exact between Schwarzschild and a point charge; the non-vanishing tidal tensors are
By contrast L F = q 2 /r 4 . There should be no question that the physical electromagnetic analogues of the gravitational invariants L, L, M, M, should be built from electromagnetic tidal tensors and not from electromagnetic fields.
Discussion
In this paper we have proposed a new approach to a physical gravito-electromagnetic analogy, which is based on comparing tidal tensors of both theories. We have contrasted our proposal with the two gravito-electromagnetic analogies studied in the literature, and argued that it sheds light on both of them. It clearly shows the limitations of the analogy based on linearised theory (which emerges, within its regime of validity, as one realisation of our proposal) and it clarifies conceptual problems of the second analogy, which shows the latter is a formal, rather than physical, analogy. Our approach has also achieved a unification within gravito-electromagnetism. Indeed, the analogy based on linearised theory (within its range of validity) was seen to originate from the same fundamental principle as the (exact) connection between ultrastationary spacetimes and magnetic fields in some curved manifolds: the similarity between tidal tensors.
But perhaps the most useful outcome of our approach is what it seems to be an universal understanding of the so called 'gravito-electromagnetic' effects. In fact, we found no counterexamples for the physical interpretation we get from this tidal tensor analogy. Moreover, within the framework of this approach, one finds trivial answers to two longstanding mysteries debated in literature: 1) the source of the magnetic part of the Weyl tensor [2] , [14] - [27] and 2) its vanishing in homogeneous rotating universes [2, 14, 15] : 1) it is a tidal magnetic tensor; thus, motion (of masses or transfer of momentum) is, generically, its source and 2) it vanishes in such spacetimes because they are analogous to uniform magnetic fields.
We would like to close this paper by discussing what physical insight one might extract from a valid gravito-electromagnetic analogy. Firstly, one cannot emphasise too much that the two theories are fundamentally different. For instance, the electric gravitational tidal tensor is always irrotational whereas the electromagnetic one is not. The limitations of the analogy arise from fundamental differences between the two theories. This does not preclude, of course, a unification of these two interactions, as in Kaluza-Klein theory; but it gives us a strong hint that a possible geometrisation of electromagnetism (at least in four dimensions) would have to take a very different character from the geometrisation of gravity. Nevertheless, despite its limitations, a physical gravito-electromagnetic analogy can give us useful intuitions for the understanding of both theories.
In fact, apart from the fundamental difference steaming from the equivalence principle, which has no electromagnetic analog since the ratio of charge to mass is not a universal quantity, there are many reasons to believe that, in the far field limit, where the Newtonian theory applies, it is electromagnetism and not the latter the best suited to interpret (and, when the observer "sees" a stationary background, even to describe) gravity:
• In Newtonian gravity, there are no magnetic effects;
• Tidal forces are velocity independent in Newtonian gravity; both in General relativity and electromagnetism, these forces depend on velocity (albeit in a different way, as shown by equations (7) and (12));
• While electromagnetism and General Relativity are covariant theories, that is not the case for Newtonian gravity; therefore, it is not possible in the latter to define tensorial invariants analogue to those from General Relativity;
• On gravitational setups which have an obvious electromagnetic counterpart, the gravitational tidal tensors (for a certain class of observers) and the invariants built on them are similar to their electromagnetic analogues (see examples in sections 2.2.1 and 4.1.1).
Some gravitomagnetic effects which are easily assimilated with the help of the analogy, are the dragging of inertial frames and gyroscope precession in the vicinity of rotating bodies, by analogy with Larmor orbits of charged particles and precession of magnetic dipole in magnetic fields (see [5] for a review of gravitomagnetic effects). Hence, the analogy gives a way to visualise effects in relativistic gravity that are, otherwise, rather mysterious. Another example, explored in this paper, is the Gödel universe. It is commonly found in the literature that the Gödel universe should be interpreted as a rotating non-expanding universe. Since it is homogeneous one is inevitably led to the conclusion that it must be rotating around every point! Herein, we have suggested that a more reasonable interpretation is as follows. The magnetic gravitational tidal tensor is zero for the Gödel Universe (section 2.3). Thus, one may think on the Gödel Universe as a gravitational version of a constant magnetic field (in a curved space). This gives, for the rotation of test particles around any point, a more reasonable and intuitive picture than the aforementioned one.
To see a final, not as widely known, example consider the similarity between the Coulomb and the Newtonian gravitational potential and also the analogy between the Biot-Savart law and the force between two mass currents. Note that in both cases the electromagnetic force (for charges of equal sign) has the opposite sign to its gravitational analog. Thus, two parallel mass currents will attract one another if they move with opposite velocity. This builds a physical intuition to explain why, in rotating black holes, test particles with counter rotating angular momentum can generically reach closer to the black hole (see [28] for an explicit discussion of this point).
